Abstract. We treat a generalization of Danilov's vanishing theorem on toric polyhedra. A toric polyhedron is a reduced closed subscheme of a toric variety that are partial unions of the orbits of the torus action. We also give a proof of the E 1 -degeneration of Hodge to de Rham type spectral sequence for toric polyhedra in any characteristic.
Introduction
This paper is a continuation of my paper [F] , where we gave a very simple, characteristic-free approach to vanishing theorems on toric varieties by using multiplication maps. Here, we give a generalization of Danilov's vanishing theorem on toric polyhedra. Note that a toric polyhedron is a reduced closed subscheme of a toric variety that are partial unions of the orbits of the torus action. Once we understand Ishida's de Rham complexes on toric polyhedra, then we can easily see that the arguments in [F] works for toric polyhedra with only small modifications. Moreover, we give a proof of the E 1 -degeneration of Hodge to de Rham type spectral sequence for toric polyhedra. It seems to be new when the characteristic of the base field is positive. So, this paper supplements [BTLM] , [D] , and [I] . In the appendix, we will give the following results supplementary to [F] . Theorem 1.3 (cf. [F, Theorem 1 .1], Theorem 3.6). Let X be a toric variety and let A and B be reduced torus invariant Weil divisors on X without common irreducible components. Let L be a line bundle on X.
Theorem 1.4 (cf. Theorem 3.4). Let X be a complete toric variety and let A and B be reduced torus invariant Weil divisors on X without common irreducible components. Then the spectral sequence
where −σ = {−a; a ∈ σ}. A subset ρ of a cone σ is said to be a face of σ and we denote ρ ≺ σ if there exists an element m of M R such that a, m ≥ 0 for every a ∈ σ and ρ = {a ∈ σ; a, m = 0}. A set ∆ of cones of N R is said to be a fan if (1) σ ∈ ∆ and ρ ≺ σ imply ρ ∈ ∆, and (2) σ, τ ∈ ∆ and ρ = σ ∩ τ imply ρ ≺ σ and ρ ≺ τ . We do not assume that ∆ is finite, that is, ∆ does not always consist of a finite number of cones. For a cone σ of N R , σ ∨ = {x ∈ M R ; a, x ≥ 0 for every a ∈ σ} and σ ⊥ = {x ∈ M R ; a, x = 0 for every a ∈ σ}. Let X = X(∆) be the toric variety associated to a fan ∆. Note that X is just locally of finite type over k in our notation. Each cone σ of ∆ uniquely defines
2. Vanishing theorem and E 1 -degeneration 2.1. Toric polyhedra. Let us recall the definition of toric polyhedra. See [I, Definition 3.5] .
Definition 2.1.1. For a subset Φ of a fan ∆, we say that Φ is star closed if σ ∈ Φ, τ ∈ ∆ and σ ≺ τ imply τ ∈ Φ.
Definition 2.1.2 (Toric polyhedron). For a star closed subset Φ of a fan ∆, we denote by Y = Y (Φ) the reduced subscheme σ∈Φ V (σ) of X = X(∆), and we call it the toric polyhedron associated to Φ.
Example 2.1.3. Let X = P 2 and let T ⊂ P 2 be the big torus. We put Y = P 2 \ T . Then Y is a toric polyhedron, which is a circle of three projective lines.
The above example is a special case of the following one.
Example 2.1. Let X = X(∆) be an n-dimensional toric variety. We put Φ m = {σ ∈ ∆; dim σ ≥ m} for 0 ≤ m ≤ n. Then Φ m is a star closed subset of ∆ and the toric polyhedron
k of X is a toric polyhedron, which is not pure dimensional.
Remark 2.1.4. Let Y be a toric polyhedron. We do not know how to describe line bundles on Y by combinatorial data. Note that a line bundle L on Y can not necessarily be extended to a line bundle L on X.
In [I] [D, Chapter I. §4] ). For the details, see [I] . Here, we quickly review Ω
• Y when X is affine. 2.1.5 (Ishida's de Rham complex). Let π be a cone in N R . We put ∆ = {π, its faces}. Then X = X(∆) is an affine toric variety Speck[M ∩π ∨ ]. Let Φ be a star closed subset of ∆ and let Y be the toric polyhedron associated to Φ. In this case, Ω
2.2. Multiplication maps. In this subsection, let us quickly review the multiplication maps in [F, Section 2].
(Multiplication maps)
. For a fan ∆ in N R , we have the associated toric variety X = X(∆). We put
be the associated toric variety. We note that X ≃ X ′ as toric varieties. We consider the natural inclusion ϕ : N → N ′ . Then ϕ induces a finite surjective toric morphism F : X → X ′ . We call it the l times multiplication map of X.
(Convention)
. Let A be an object on X. Then we write A ′ to indicate the corresponding object on X ′ . Let Φ be a star closed subset of ∆ and let Y be the toric polyhedron associated to Φ. Then 
(Split injections on the big torus). By fixing a base of M, we have
for all a ≥ 0 as k-vector spaces. However, it is not difficult to see that Ω The following theorem is one of the main theorems of this paper. It is a generalization of Danilov's vanishing theorem for toric varieties (see [D, 7.5 
.2. Theorem]).
Theorem 2.3.2 (cf. Theorem 1.1). Let Y = Y (Φ) be a projective toric polyhedron. Then
Proof. We assume that l = p > 0, where p is the characteristic of k. In this case, F * L ′ ≃ L ⊗p . Thus, we obtain
where we used the split injection in Proposition 2.3.1 and the projection formula. By iterating the above arguments, we obtain
for any positive integer r. By Serre's vanishing theorem, we obtain
When the characteristic of k is zero, we can assume that everything is defined over R, where R(⊃ Z) is a finitely generated ring. By the above result, the vanishing theorem holds over R/P , where P is any general maximal ideal of R, since R/P is a finite field and the ampleness is an open condition. Therefore, we have the desired vanishing theorem over the generic point of SpecR. Of course, it holds over k.
If Y is a toric variety, then Theorem 2.3.2 is nothing but Danilov's vanishing theorem. For the other vanishing theorems on toric varieties, see [F] and Theorem 3.4. The next corollary is a special case of Theorem 2.3.2. Remark 2.3.5. Let X be a projective toric variety. Then, it is obvious that
is not necessarily zero for some i > 0 when Y is a projective toric polyhedron. See Example 2.1.3. More explicitly, let X be an n-dimensional complete toric variety. We put Y = X\T , where T is the big torus. Then
The following theorem is a supplement to Theorem 2.3.2.
Theorem 2.3.6. Let Y be a toric polyhedron on a toric variety X.
By the same argument as in the proof of Theorem 2.3.2, we obtain the desired statement.
By the construction of the split injections in Proposition 2.3.1 and the definition of the exterior derivative, we have the following proposition. Proposition 2.3.7. We assume that l = p > 0, where p is the characteristic of k. Then there is a split quasi-isomorphism of
where the complex on the left has zero differentials. That is, there exists a morphism
As an application of Proposition 2.3.7, we can prove the E 1 -degeneration of Hodge to de Rham type spectral sequence for toric polyhedra.
Theorem 2.3.8 (cf. Theorem 1.2). Let Y = Y (Φ) be a complete toric polyhedron. Then the spectral sequence
Proof. The following proof is well known. See, for example, the proof of Theorem 4 in [BTLM] . We assume that l = p > 0, where p is the characteristic of k. Then, by Proposition 2.3.7,
holds and the spectral sequence degenerates at E 1 . When the characteristic of k is zero, we can assume that everything is defined over Z. Then the E 1 -degeneration over any F p = Z/pZ implies the desired E 1 -degeneration over k.
We close this section with the following two remarks on Ishida's results. [I] ). Therefore, the E 1 -degeneration in Theorem 2.3.8 was known when k = C and ∆ is finite. We note that
Remark 2.3.10. Let Y = Y (Φ) be a toric polyhedron. In [I, p.130 
For the definition and the basic properties, see [I, Sections 2 and 3] 
Appendix
In this appendix, we make some remarks on my paper [F] . Let X = X(∆) be a toric variety. Note that ∆ is not assumed to be finite in this section. First, we define Ω a X (log(A + B))(−A), which is a slight generalization of Ω a X (log B) in [F, Definition 1.2] . Definition 3.1. Let X be a toric variety and let A and B be reduced torus invariant Weil divisors on X without common irreducible components. We put W = X \ Sing(X), where Sing(X) is the singular locus of X. Then we define Ω 
The next proposition is obvious by the definition of the exterior derivative and the construction of the split injections in Proposition 3.2. Proposition 3.3. We assume that l = p > 0, where p is the characteristic of k. Then there is a split quasi-isomorphism of such that the composition ψ • φ is a quasi-isomorphism.
The following E 1 -degeneration is a direct consequence of Proposition 3.3. See the proof of Theorem 2.3.8. Some other vanishing theorems in [F] can be generalized by using Theorem 3.6. We leave the details for the readers' exercise.
